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Abstract— Generalized equations are presented for the design
of a rat-race coupler with a phase inverter and an arbitrary
power division, where its four arms are built by symmetric recip-
rocal lossless two-port networks. According to these equations,
uniform- and stepped-impedance rat-race couplers are analyzed
and synthesized with dual-band arbitrary power divisions. The
relationships between the geometries and the design specifica-
tions of proposed dual-band rat-race couplers are completely
determined. Under such circumstances, the most compact con-
figuration of the stepped-impedance rat-race coupler is achieved
when the maximum allowable impedance ratio is applied for
all its arms. Several prototypes are realized with double-sided
parallel-strip lines (DSPSLs) and DSPSL phase inverters. As the
stepped-impedance arms are not limited to simulate 90° sections
and the phase inverters are implemented into our proposed
dual-band couplers, the component circumferences are reduced
significantly by 65%–70%, in comparison with their conventional
540° counterpart. Their good performances are demonstrated by
the simulated and measured results.

Index Terms— Arbitrary power division, double-sided parallel-
strip line (DSPSL), dual band, miniaturization, rat-race coupler,
stepped impedance.

I. INTRODUCTION

ARAT-RACE coupler is one of the most essential passive
couplers for RF and microwave systems and packages,

which has been applied for the development of various mix-
ers, amplifiers, antenna arrays, and so on. Usually, rat-race
couplers are designed with equal power division. However,
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when they are used in some feed networks to replace power
dividers, their unequal power division may also be desired.
By controlling the characteristic admittances of its sections, a
540° rat-race coupler can have an arbitrary power division ratio
[1], [2]. Stepped-impedance sections are utilized instead of
uniform-impedance ones, which is good for the size reduction
of the rat-race coupler with an arbitrary power division [3].
Its miniaturization can also be obtained by inserting a phase
inverter into a 90° section to replace the 270° arm. Some
generalized design methods are proposed in [4] and [5] for the
wideband rat-race coupler with an ideal phase inverter and an
arbitrary power division ratio.

With the rapid development of dual-band and multiband
communication systems, dual-band and multiband RF com-
ponents have drawn much attention recently, because of their
small sizes and collaborative design concepts especially for
system on package (SoP). Currently, the dual-band operation
is one of the focuses of research in the realization of rat-
race couplers. For example, the dual-band rat-race couplers
are constructed by loading shorted or open stubs [6]–[8].
An impedance transformer, including two open stubs and a
stepped-impedance line, has been utilized to replace the six
90° sections in a conventional rat-race coupler, within two
specific bands simultaneously [9]. It has also been used to
design a compact dual-band rat-race coupler with a phase
inverter [10], in the form of double-sided parallel-strip line
(DSPSL) [11]. But in [12], a dual-band rat-race coupler is built
up by loading some stepped-impedance open stubs. With the
uniform-impedance C-sections [13] and stepped-impedance
ones [14], a phase shift of 90° and 270° can be synthesized
at the first and second frequencies of the dual-band rat-race
couplers, respectively.

The composite right or left-handed (CRLH) technique is
another efficient choice for the design of a dual-band rat-
race coupler. In [15], a dual-band coupler is realized by
six CRLH transmission lines instead of normal 90° sections.
In [16], different lumped-element CRLH sections are used to
substitute for the 90° and 270° sections. A compact CRLH
dual-band rat-race coupler is designed in low-temperature co-
fired ceramic [17]. The complementary split-ring resonators
are also used to build up a dual-band rat-race coupler [18].
Further, the CRLH half-mode substrate integrated waveguide
is also utilized in [19]. The lumped elements and complicated
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unit cells in CRLH rat-race couplers, however, may lead to
large losses.

According to the above approaches, many compact dual-
band rat-race couplers with equal power divisions have been
developed in the past several years. On the other hand, we
would like to indicate the requirement of different individual
power division ratios for some dual-band rat-race couplers,
which will provide flexible and collaborative applications for
SoP. Only few works, however, have been reported on the
dual-band arbitrary power-division rat-race coupler until now.

As demonstrated in [20] and [21], the stub-loaded stepped-
impedance unit and C-section structure have been successfully
utilized for the construction of compact dual-band rat-race
couplers with arbitrary power divisions, in which detailed
design concerns are discussed and critical equations and curves
are provided. However, both the stub-loaded and the C-section
rat-race couplers, with equal or arbitrary power divisions, are
started from the conventional prototype combined with 90°
and 270° arms. Their configurations are still large for low
operating frequencies under these circumstances. In addition,
their bandwidths with small relative phase deviations are also
limited. In [22], we proposed a new type of the DSPSL dual-
band rat-race coupler with a phase inverter for the arbitrary
power-division case, where a pair of arms is replaced with
stepped-impedance sections for miniaturization.

In this paper, the design approach is extended and the
coupler configuration is further miniaturized. At first, a set of
generalized equations are derived for the rat-race coupler with
a phase inverter and an arbitrary power division, where its four
arms are represented by symmetric reciprocal lossless two-port
networks. Then, the relationships between the geometries and
design specifications of uniform-impedance dual-band rat-race
couples are studied. When we apply the stepped-impedance
technique for the design of a pair of arms, it is found that
the ratio of size reduction reaches the upper limit as the
maximum allowable impedance ratio is adopted. When all
the arms are realized by stepped-impedance sections with the
maximum impedance ratio, the most compact case is obtained.
Because both electrical lengths and characteristic impedances
of the sections are synthesized with more freedoms, significant
size reductions in the coupler geometry have been achieved,
as demonstrated by both simulated and measured results of
several typical DSPSL coupler prototypes.

II. ARBITRARY POWER-DIVISION RAT-RACE COUPLER

WITH GENERALIZED SYMMETRIC TWO-PORT NETWORKS

Fig. 1(a) shows the schematic of a generalized rat-race
coupler with an ideal phase inverter, where each arm is rep-
resented by a symmetric reciprocal lossless two-port network.
The opposite arms are with the same two-port networks. The
frequency response of the coupler with an ideal phase inverter,
which is located on the symmetric plane of the two-port
network YB between ports 2 and 3, is the same as that with
the configuration shown in Fig. 1(a). The equivalent circuit
models of the coupler for even- and odd-mode excitations are
shown in Fig. 1(b) and (c), respectively.

It is seen that the odd-mode circuit model can be obtained
from the even-mode one by exchanging the left and the right

(a)

(b)                                                          (c) 

Fig. 1. Rat-race coupler with an ideal phase inverter, where each arm is
realized by a symmetric two-port network. (a) Its schematic. (b) Its even-
mode circuit model. (c) Odd-mode circuit model.

sides. Thus, S-parameters of the rat-race coupler are expressed
as
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where the superscripts “e” and “o” correspond to the even-
and odd-mode models, respectively, and
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where Yp is the admittance of four ports and is usually set to
1/50 �−1. As shown in Fig. 1, Y B

ine and Y B
ino are the even-

and odd-mode input admittances of the two-port network YB

and are given by

Y B
ine = Y B

11 + Y B
21 (3a)

Y B
ino = Y B

11 − Y B
21. (3b)

From (1g), it is found that the perfect isolation condition,
with the ideal phase inverter used, is always satisfied. Accord-
ing to (1a), (1e), (2a), (2c), and (2d), the perfect matching
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condition is satisfied only when b = c, i.e.,
(
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)2 +
(

Y B
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)2 + Y 2
p =

(
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11 + Y B
11

)2
. (4a)

Since both YA and YB are lossless networks, (4a) can be
rewritten as[
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where Im(·) represents the imaginary part.
From (1)–(3), the amplitude ratio between two outputs is

derived as

S21

S41
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Equation (5a) can also be written as
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where Rp is defined as the amplitude ratio of S21 to S41.
When both (4b) and (5b) are satisfied at a specific frequency,

one rat-race coupler can be determined with a certain power
division. If the equations are ensured at two or more specific
frequencies individually, a dual-band or multiband coupler is
then obtained.

III. UNIFORM-IMPEDANCE RAT-RACE COUPLER WITH

DUAL-BAND ARBITRARY POWER DIVISIONS

Fig. 2 shows the schematic of a rat-race coupler with
an ideal phase inverter. Its four arms are all implemented
with uniform-impedance transmission lines. In this case, the
Y -parameters of four arms are given as
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Then, (4b) and (5b) are in the forms of
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The two equations are identical to those derived in [4].
When both θ1 and θ2 are limited to 90°, Y1 and Y2 can be

uniquely determined by

Y1 = Yp√
1 + 1

/
R2

p

(8a)

Y2 = Yp√
1 + R2

p
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There is no design freedom for other specific considerations.
Thus, if one dual-band rat-race coupler is demanded, the
electrical lengths θ1 and θ2 should not be preset to 90°.

Fig. 2. Schematic of a uniform-impedance rat-race coupler with an ideal
phase inverter.

For the uniform-impedance dual-band coupler, the following
four equations should be satisfied simultaneously, i.e.,

Y2
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p
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where n is the ratio of the second operating frequency f2 to
the first operating frequency f1, θ1 and θ2 are the electrical
lengths at f1, and Rp1 and Rp2 are the amplitude ratios
between two outputs at f1 and f2, respectively. For the given n,
Rp1, and Rp2, θ1 and θ2 are solved by

sin θ2

sin θ1
= Rp1

Rp2

sin nθ2

sin nθ1
(10a)

cot θ1 cot θ2 = cot nθ1 cot nθ2. (10b)

The normalized circumference at f1 of the uniform-impedance
dual-band rat-race coupler with arbitrary power divisions is

φ
(
n, Rp1, Rp2

) = 2 (θ1 + θ2). (11)

Then, Y1 and Y2 are calculated by
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To synthesize a uniform-impedance rat-race coupler with
dual-band arbitrary power divisions, the relationships between
its geometries and design specifications are obtained from
(10)–(12), as plotted in Fig. 3(a)–(f).

Fig. 3(a) shows that the circumference decreases with
decreasing |dB(Rp2) – dB(Rp1)| and it reaches its minimum
when Rp1 = Rp2. If one special value is given for n, the
minimum circumference is also determined. In Fig. 3(b), θ1
increases with decreasing Rp1 and increasing Rp2, but θ2
increases with increasing Rp1 and decreasing Rp2. When
Rp1 = Rp2, θ1 = θ2. In Fig. 3(c), when n = 2, Y −1

1 decreases
whereas Y −1

2 increases with increasing Rp1 and Rp2. When
Rp1 = Rp2 = 0 dB, we have Y1 = Y2.

Fig. 3(d) shows that, with Rp1 = 1, the minimum value of
circumference decreases when the frequency ratio n increases.
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(c)

(d)

(e)

(f)

(a)

(b)

Fig. 3. Relationships between geometries and design specifications of the uniform-impedance rat-race coupler with dual-band arbitrary power divisions. (a)–(c)
For different Rp1 and Rp2 with n = 2. (d)–(f) For different n and Rp2 with Rp1 = 1 (0 dB). (a) Circumferences. (b) θ1 (black lines) and θ2 (gray lines).
(c) Y −1

1 (black lines) and Y −1
2 (gray lines). (d) Circumferences. (e) θ1 (black lines) and θ2 (gray lines). (f) Y −1

1 (black lines) and Y −1
2 (gray lines).

Correspondingly, the variation range of circumference, with
different values of Rp2 chosen, is reduced significantly.
Fig. 3(e) and (f) shows that θ1, θ2, Y −1

1 , and Y −1
2 all decrease

with increasing n. When n is relatively small, both Y −1
1 and

Y −1
2 at first decrease and then increase with Rp2.
All cases plotted in Fig. 3(a)–(f) can be easily realized, as

the synthesized characteristic impedances are always within
the range of 40–120 �. At the same time, the synthesized
electrical lengths are neither too small nor too large. So, with
a uniform-impedance rat-race coupler, it is quite flexible to
get the function of dual-band arbitrary power divisions.

IV. DUAL-BAND ARBITRARY POWER-DIVISION

RAT-RACE COUPLER WITH A PAIR OF

STEPPED-IMPEDANCE ARMS

According to (10)–(12), it can be found that all the geomet-
ric parameters of the uniform-impedance rat-race coupler can
be determined by the design specifications n, Rp1, and Rp2.
No more design freedom is provided for its miniaturization.

To make the configuration more compact, some stepped-
impedance sections, as shown in Fig. 4, are introduced to
replace a pair of uniform-impedance arms in Fig. 2.

In Fig. 4(a), the arms between Ports 1(4) and 2(3) are with
the stepped-impedance sections and
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By substituting (13) into (4b) and (5b), a set of design
equations is obtained and it should be enforced at both of
the two operating frequencies f1 and f2. If the characteristic
admittance Y1B and the electrical length θ1B are preset,
θ1A, θ2, Y1A, and Y2 can be solved for the given design
specifications of n, Rp1, and Rp2. The circumference of the
rat race is calculated by

φ
(
n, Rp1, Rp2

) = 2 (θ1A + θ1B + θ2). (14)

For the schematic in Fig. 4(b), we have
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Also substitute (15) into (4b) and (5b). The design equations
are easily obtained and the circumference can be calculated
by

φ
(
n, Rp1, Rp2

) = 2 (θ1 + θ2A + θ2B). (16)

Therefore, for the dual-band arbitrary power-division rat-
race couplers, with a pair of stepped-impedance arms shown
in Fig. 4, all the values of Y1A, Y2, θ1A, and θ2 (Y1,
Y2A, θ1, and θ2A) can be controlled by Y1B and θ1B (Y2B

and θ2B) and then the component miniaturization is further
achieved.

The design curves of the rat-race couplers in Fig. 4(a)
and (b) are plotted in Figs. 5 and 6, respectively, where the
design specifications are given by n = 2, Rp1 = 1 (0 dB), and
Rp2 = 2.0 (6 dB). The realizable characteristic impedance is
set between 30 and 210 � here. One can utilize the curves to
quickly design a specific coupler with such two configurations.
All the synthesized geometric parameters start from their
corresponding values of the uniform-impedance schematic,
that is, θ1B = 0 or θ2B = 0.

Fig. 5 shows that the circumference of the coupler always
decreases with an increase of θ1B when Y1B is fixed. The
circumference reaches its minimum when the upper or lower
limit of Y1A is adopted. As Y1B is set to 1/30, 1/40, and
1/50 �−1, the minimum circumference is obtained with Y1A =
1/210 �−1. As Y1B is set to 1/60, 1/70, 1/80, 1/100, 1/130,
1/170, and 1/210 �−1, the minimum circumference is obtained
with Y1A = 1/30 �−1. It indicates that a large impedance
ratio is preferred for the stepped-impedance arms. The most
compact design is achieved under the design specifications
when Y1A = 1/30 �−1 and Y1B = 1/210 �−1, corresponding
to the maximum allowable impedance ratio of 7.

A similar conclusion can be drawn from Fig. 6. It is
observed that the synthesized Y1 and θ1 change with Y2B

and θ2B slightly, while the design values of Y2A and θ2A

are significantly influenced by Y2B and θ2B . As Y2B is set to

(a)

(b) 

Fig. 4. Schematics of two dual-band arbitrary power-division rat-race
couplers with a pair of stepped-impedance arms. (a) SI1 case. (b) SI2 case.

TABLE I

COMPARISON OF THE SYNTHESIZED PARAMETERS OF THE DUAL-BAND

RAT-RACE COUPLERS WITH ARBITRARY POWER DIVISIONS

BETWEEN DIFFERENT SCHEMATICS

UI SI1 SI2 LHLH LHHL HLLH HLHL

Y −1
1 /Y −1

1A 55.3 30.0 51.4 30.0 30.0 210 210

θ1/θ1A 71.6 57.2 64.7 55.8 57.7 13.3 13.4

Y −1
1B / 210 / 210 210 30.0 30.0

θ1B / 6.48 / 6.07 6.61 21.7 27.3

Y −1
2 /Y −1

2A 67.7 110 30.0 30.0 210 30.0 210

θ2/θ2A 50.8 23.1 24.8 7.29 11.8 37.7 13.1

Y −1
2B / / 210 210 30.0 210 30.0

θ2B / / 9.82 10.5 3.75 9.33 24.1

φ 245 174 199 159 160 164 156

a1 1.00 0.71 0.81 0.65 0.65 0.67 0.64

a2 0.45 0.32 0.37 0.30 0.30 0.30 0.29

1The characteristic impedances are in �. The electrical lengths and
circumferences are in degrees.
2The values of a1 and a2 are the ratios of the circumference to those of the
UI schematic and the conventional 540° counterpart, respectively.
3The above two notes are also applied for Table III.

1/30, 1/40, 1/50, and 1/60 �−1, the minimum circumference
is obtained with Y2A = 1/210 �−1. As Y2B is set to 1/70,
1/80, 1/100, 1/130, 1/170, and 1/210 �−1, the minimum
circumference is obtained with Y2A = 1/30 �−1. For the
schematic shown in Fig. 4(b), the most compact configuration
is obtained when Y2A = 1/30 �−1 and Y2B = 1/210 �−1,
which means the maximum impedance ratio of 7 is still
desired.

Although both stepped-impedance schematics in
Fig. 4(a) and (b) can be utilized to miniaturize the dual-band
rat-race coupler with arbitrary power divisions, the largest
size reductions obtained with them are different, when
the coupler has unequal power divisions. The synthesized
geometric parameters, with the three schematics shown in
Figs. 2 and 4(a) and (b), are summarized in Table I for
comparison, where the design specifications are given by
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(c)

(b)

(a)

Fig. 5. Shown are synthesized Y1A , Y2, θ1A, and θ2 and the circumference
for different values of Y1B and θ1B of the rat-race coupler in Fig. 4(a), where
n = 2, Rp1 = 1 (0 dB), and Rp2 = 2.0 (6 dB). (a) Circumferences. (b) θ1A

(black lines) and θ2 (gray lines). (c) Y −1
1A (black lines) and Y −1

2 (gray lines).

n = 2, Rp1 = 1 (0 dB), and Rp2 = 2.0 (6 dB). “UI”
represents the uniform-impedance schematic in Fig. 2, and
“SI1” and “SI2” represent the minimum configurations
with the stepped-impedance ones in Fig. 4(a) and (b),
respectively. The circumferences of SI1 and SI2 cases are
reduced by 71° and 46°, respectively, in comparison with
their uniform-impedance counterpart. Under such design
specifications, better miniaturization can be achieved when
we apply the stepped-impedance technique for the arms
handling with higher power. It is also noted that, as the
stepped-impedance rat-race coupler in [22] is not designed
with the maximum impedance ratio of 7, its circumference of
182° is 8° larger than the synthesized 174° of the SI1 case in
Table I.

V. DUAL-BAND ARBITRARY POWER-DIVISION RAT-RACE

COUPLER WITH FOUR STEPPED-IMPEDANCE ARMS

To further miniaturize the dual-band rat-race coupler with
arbitrary power-divisions, its four arms, as shown in Fig. 7, are

(a)

(b)

(d)

(c)

Fig. 6. Shown are synthesized Y1, Y2A , θ1, and θ2A and the circumference
for different values of Y2B and θ2B of the rat-race coupler in Fig. 4(b), where
n = 2, Rp1 = 1 (0 dB), and Rp2 = 2.0 (6 dB). (a) Circumferences. (b) θ1
(black lines) and θ2A (gray lines). (c) Y −1

1 . (d) Y −1
2A .

all realized by using stepped-impedance sections. Therefore,
we have

Im
(

Y A
11

)
= Y1A

2

[
Y1B tan θ1B + 2Y1A tan

(
θ1A

/
2
)

2Y1A − Y1B tan θ1B tan
(
θ1A

/
2
)

− cot
θ1A

2

]
(17a)
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Fig. 7. Schematic of the stepped-impedance rat-race coupler.

Im
(

Y A
21

)
= Y1A

2

[
Y1B tan θ1B + 2Y1A tan

(
θ1A

/
2
)

2Y1A − Y1B tan θ1B tan
(
θ1A

/
2
)

+ cot
θ1A

2

]
(17b)

Im
(

Y B
11

)
= Y2A

2

[
Y2B tan θ2B + 2Y2A tan

(
θ2A

/
2
)

2Y2A − Y2B tan θ2B tan
(
θ2A

/
2
)

− cot
θ2A

2

]
(17c)

Im
(

Y B
21

)
= Y2A

2

[
Y2B tan θ2B + 2Y2A tan

(
θ2A

/
2
)

2Y2A − Y2B tan θ2B tan
(
θ2A

/
2
)

+ cot
θ2A

2

]
. (17d)

The corresponding design equations, obtained by substituting
(17) into (4b) and (5b), should be satisfied at both f1 and f2.
Then, the coupler circumference is

ϕ
(
n, Rp1, Rp2

) = 2 (θ1A + θ1B + θ2A + θ2B). (18)

There are eight geometric parameters, Y1A, Y1B , Y2A , Y2B ,
θ1A, θ1B , θ2A, and θ2B , for the four design equations. In other
words, four parameters can be properly selected to provide the
most compact configuration of the rat-race coupler, which is
quite important for packaging systems.

A detailed study has been carried out in the parameter
space, still under the design specifications of n = 2, Rp1 = 1
(0 dB), and Rp2 = 2.0 (6 dB). It is found that the most
compact configuration is achieved when both of the two pairs
of stepped-impedance arms are with the maximum impedance
ratio of 7, which is in consonance with the conclusion drawn
in Section IV.

There are four cases with the maximum impedance ratio
applied for the dual-band rat-race coupler with arbitrary power
divisions.

1) LHLH case: Y1A = 1/30 �−1, Y1B = 1/210 �−1,
Y2A = 1/30 �−1, and Y2B = 1/210 �−1.

2) LHHL case: Y1A = 1/30 �−1, Y1B = 1/210 �−1,
Y2A = 1/210 �−1, and Y2B = 1/30 �−1.

3) HLLH case: Y1A = 1/210 �−1, Y1B = 1/30 �−1,
Y2A = 1/30 �−1, and Y2B = 1/210 �−1.

4) HLHL case: Y1A = 1/210 �−1, Y1B = 1/30 �−1,
Y2A = 1/210 �−1, and Y2B = 1/30 �−1.

The synthesized parameters and circumferences of the four
cases are also summarized in Table I for comparison. Under

(a)

(b)

(c)

Fig. 8. DSPSL phase inverter. (a) Top view. (b) Magnitudes of simulated
S11 and S21 with different wm . (c) Phase shifts of S21 with different wm .

the preset specifications, the four circumferences have close
values. The HLHL case provides the most compact rat-race
coupler, whose 156° circumference is 89° and 18° smaller
than those of the UI and SI1 schematics. The second smallest
circumference of 159° is obtained with the LHLH case. The
HLHL case, however, is not preferred for this set of design
specifications, because its bandwidth of the second band is
very narrow, which will be shown in Section VI-B.

Although the analyses in Sections IV and V are only carried
out for the stepped-impedance topologies, the proposed design
approach and equations, including (4b) and (5b), can also be
applied for other miniaturized geometries, such as stub-loaded
structures, C-sections, and other composite units.

VI. REALIZATION AND DISCUSSION

A. DSPSL Phase Inverter

The coupler prototypes are implemented with the DSPSL
structure in this paper, since the phase inverter can be eas-
ily realized by a DSPSL swap [11]. The F4B substrate is
used, with its relative permittivity of 2.65 and its thickness
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of 0.8 mm. The top view of the used phase inverter is
shown in Fig. 8(a) with critical dimensions. Its bottom view
can be obtained by reversing the top view along the middle
plane. Here, wm is determined by the required characteristic
impedance Z0 of the DSPSL lines that connect the phase
inverter directly.

The simulated results of the phase inverter with different
wm are obtained by using the commercial electromagnetic
simulator, Ansoft HFSS, and are plotted in Fig. 8(b) and (c).
The values 0.21, 0.82, 1.71, and 4.72 mm of wm correspond to
the characteristic impedance Z0 of 210, 110, 67.7, and 30 �,
respectively. In the simulations of phase inverter, the two-port
impedances are also set to Z0.

It is found that both the magnitude of reflection coefficient
and the phase shift are nearly linear to frequency. The phase
inverter is approximately modeled by the combination of an
ideal phase inverter and an additional transmission line, as
shown in Fig. 9(a). Then, the reflection coefficient and phase
shift can be approximated by

|S11| =
∣∣∣∣∣∣

j
(

Z2
pi − Z2

0

)
sin ωtpi

2Z pi Z0 cos ωtpi + j
(

Z2
pi + Z2

0

)
sin ωtpi

∣∣∣∣∣∣

≈
∣∣∣Z2

pi − Z2
0

∣∣∣ tpi

2Z pi Z0
ω (19a)

� S21 = arg

⎡
⎣− 2Z pi Z0

2Z pi Z0 cos ωtpi + j
(

Z2
pi + Z2

0

)
sin ωtpi

⎤
⎦

≈ π −
(

Z2
pi + Z2

0

)
tpi

2Z pi Z0
ω. (19b)

From the simulated results, the equivalent characteristic
impedance and time delay of the additional transmission line
are estimated to be about Z pi = 88 � and tpi = 15.7 ps,
respectively. With these two parameters, the curves of |S11|
and 180°- � S21 are calculated for 1.5 GHz and plotted in
Fig. 9(b) and (c), respectively. The simulated results at
1.5 GHz are also shown in the figures for comparison. Reason-
able agreement is achieved between them and then the circuit
model of the DSPSL phase inverter is demonstrated.

Our used phase inverter has a total physical length of l pi =
2.1 mm. For a DSPSL line with a characteristic impedance of
Z pi = 88 � and a length of l pi on the same F4B substrate,
it will have a time delay of td = l pi×sqrt(εre)/c0, where
εre = 2.20 is the effective relative permittivity and c0 is the
wave velocity in vacuum. Then, we have td = 10.4 ps. In
comparison with the combination of an ideal phase inverter
and a DSPSL line of 2.1 mm, the used phase inverter will
provide an additional time delay of 	t = tpi − td = 5.3 ps.
This leads to an additional phase shift of 	φ = f 	t×360°
at a certain frequency f , which is equal to 1.7°, 2.6°, 3.4°,
and 4.3° at the operating frequencies of 0.9, 1.35, 1.8, and
2.25 GHz, respectively.

It is numerically found that the DSPSL phase inverter has
little influence on the Y -parameters of the transmission line
inserted with it within the concerned frequency range, even

(b)

(c)

(a)

Fig. 9. Modeling of the DSPSL phase inverter. (a) Its equivalent circuit
model. The comparison between the simulated results and calculated curves
at 1.5 GHz for (b) magnitude of S11 and (c) 180°−S21 are shown.

(a)

(b)                                                   (c) 

(d)                                                       (e) 

Fig. 10. Photos of the fabricated dual-band rat-race coupler prototypes
with arbitrary power divisions. (a) UI schematic. (b) SI1 schematic. (c) SI2
schematic. (d) LHLH schematic. (e) HLHL schematic. The unit of dimensions
is mm.

when the characteristic impedance Z0 of the transmission line
is different from Z pi = 88 �. The negative influence of the
additional transmission line and the discontinuities caused by
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(a)

(b)

(c)

Fig. 11. Measured and simulated S-parameters of the uniform-impedance
dual-band rat-race coupler prototype with arbitrary power divisions.
(a) In-phase magnitudes. (b) Out-of-phase magnitudes. (c) Phase imbalance.

the used phase inverter is not significant for low operating
frequencies, which will be demonstrated by the simulated
and measured results of the rat-race couplers shown in the
following parts.

B. Uniform-Impedance Dual-Band Rat-Race Coupler
Prototype With Arbitrary Power Divisions

A rat-race coupler of the uniform-impedance schematic is
designed, firstly, for 0.9 and 1.8 GHz (n = 2) to validate
our method. The specific power divisions at the first and
second bands are Rp1 = 1.0 (0 dB) and Rp2 = 2.0 (6 dB),
respectively. The synthesized parameters are given in Table I.
Its circumference is 245° at 0.9 GHz, which is only 45% of
that of the conventional 540° counterpart, and its normalized
area is reduced by about 80%.

As shown in Fig. 10(a), the prototype is fabricated on
the same F4B substrate as the DSPSL phase inverter. The
synthesized characteristic admittances and electrical lengths
are utilized as the initial geometric parameters. Because of
the effects of width steps, the DSPSL phase inverter and three-

TABLE II

COMPARISON OF THE MEASURED RESULTS OF THE DUAL-BAND

RAT-RACE COUPLER PROTOTYPES WITH ARBITRARY

POWER DIVISIONS BETWEEN DIFFERENT SCHEMATICS

@ 0.9 and
1.8 GHz

UI SI1 SI2 LHLH HLHL

|S11|
in-phase

–37.8
–39.9

–24.9
–35.0

–26.0
–29.1

–22.4
–30.0

–31.9
–10.0

|S21|
in-phase

–3.3
–1.6

–3.6
–1.8

–3.5
–1.7

–3.7
–1.8

–3.6
–3.4

|S41|
in-phase

–3.6
–7.5

–3.9
–7.7

–3.7
–7.6

–4.1
–7.9

–3.9
–9.1

|S33|
out-of-phase

–25.0
–27.8

–20.0
–25.4

–25.4
–46.5

–23.1
–36.5

–23.7
–11.7

|S23|
out-of-phase

–3.7
–7.1

–3.9
–7.3

–3.8
–7.1

–3.9
–7.3

–3.7
–7.3

|S43|
out-of-phase

–3.5
–1.6

–3.7
–1.7

–3.7
–1.7

–3.9
–1.8

–3.6
–3.5

|S31|
isolation

–38.6
–37.3

–35.5
–36.2

–43.8
–44.6

–44.4
–46.6

–28.6
–28.5

|S21/S41|
in-phase

0.3
5.9

0.3
5.9

0.2
5.9

0.4
6.1

0.3
5.7

|S43/S23|
out-of-phase

0.2
5.5

0.2
5.6

0.1
5.4

0.0
5.5

0.1
3.8

� S21 − � S41
in-phase

3.8
–4.7

4.6
–4.0

3.2
–2.6

3.6
–1.8

1.9
–5.3

� S23 − � S43
out-of-phase

179.7
176.7

178.8
176.9

180.3
180.3

178.5
181.1

179.7
182.6

Fractional
bandwidth

22%
3.9%

9.0%
5.8%

13%
5.2%

9.2%
6.1%

35%
/

The magnitudes and amplitude imbalances are in dB. The phase imbalances
are in degrees. These values are also applied to Table IV.

port conjunctions are not considered in the synthesis and the
critical dimensions of the prototype are further optimized with
its in-phase S-parameters by using Ansoft HFSS. Its measured
S-parameters are plotted in Fig. 11, with the simulated ones
also provided for comparison.

Some explanations for this coupler prototype are given as
follows.

1) Its measured in-phase performance satisfies the corre-
sponding specifications and agrees well with the sim-
ulated ones, and good isolation and phase balance are
observed.

2) There is a slight deviation between the simulated and
measured out-of-phase results, which is caused by the
nonideal performance of the DSPSL phase inverter and
its fabrication tolerance. This can be, however, elimi-
nated by carefully optimizing of both the in-phase and
out-of-phase performances.

3) The ripples of S23 at low frequencies are caused by
the nonideal performance of the phase inverter. The
electrical connection between the plated through holes
and strips is not so reliable.

A transmission zero for S41 and S23 is found above
the second operating band, which is important to tune the
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(c)

(b)

(a)

Fig. 12. Measured and simulated S-parameters of the SI1 dual-band rat-
race coupler prototype. (a) In-phase magnitudes. (b) Out-of-phase magnitudes.
(c) Phase imbalance.

power division ratio of the second band. Its location fz41 is
determined by

S41

S21
= −S23

S43
= a − d

2
= Y B

21

Y A
21

= 0. (20)

In other words, the transmission zeros of S41 and S23 arise
at the zeros of Y B

21 and the poles of Y A
21. For the uniform-

impedance rat-race coupler, the frequency of the first trans-
mission zero fz41 is calculated by

fz41 = π

θ1
f1. (21)

The measured results of concern for the uniform-impedance
dual-band rat-race coupler prototype are summarized in
Table II. The fractional bandwidths in this paper are measured
under all of the following conditions: |S11| ≤–15 dB, |S31| ≤
−20 dB, –0.5 dB≤ |S21/S41| − Rpi ≤ 0.5 dB, |� S21 −
� S41| ≤ 5°, and |� S23 − � S43 –180°| ≤ 5°, where i = 1 and
2. The measured operating bands are marked with blue panes
in the plotted results. Due to the utilization of a phase inverter,
the bandwidths limited by isolation and phase imbalances

(a)

(b)

(c)

Fig. 13. Measured and simulated S-parameters of the SI2 dual-band rat-
race coupler prototype. (a) In-phase magnitudes. (b) Out-of-phase magnitudes.
(c) Phase imbalance.

are much wider than the others. Then, the bandwidths are
mainly determined by the power-division conditions. Because
the power-division ratio Rp1 at 0.9 GHz is 6 dB smaller than
the ratio Rp2 at 1.8 GHz, the variation of |S21/S41| is relatively
large. This leads to the two fractional bandwidths of 22% and
3.9%, which are smaller than that of a single-band rat-race
coupler with a phase inverter.

C. Stepped-Impedance Dual-Band Rat-Race Coupler
Prototypes With Arbitrary Power Divisions

As shown in Fig. 10(b)–(e), four stepped-impedance DSPSL
rat-race coupler prototypes, including SI1, SI2, LHLH, and
HLHL schematics, are designed with the same specifications
and substrate as the uniform-impedance one. Their circumfer-
ences are equal to 174°, 199°, 159°, and 156° at 0.9 GHz.
In comparison with the conventional 540° rat-race coupler,
the largest area reduction of 92% is achieved with the HLHL
case. But this schematic is not preferred here, which will be
explained later. Their simulated and measured S-parameters
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(c)

(b)

(a)

Fig. 14. Measured and simulated S-parameters of the LHLH dual-band rat-
race coupler prototype are shown. (a) In-phase magnitudes. (b) Out-of-phase
magnitudes. (c) Phase imbalance.

are plotted in Figs. 12–15, and our concerned dual-band
measured results of them are summarized in Table II.

It is observed that the in-phase and out-of-phase insertion
losses, i.e., 10·log10(|S21|2 + |S41|2) and 10·log10(|S23|2 +
|S43|2), of the stepped-impedance rat-race couplers are larger
than those of the uniform-impedance counterpart. This is
caused by the used high-impedance transmission lines with
a very narrow strip width and a relatively high attenuation
constant.

For the SI1, SI2, and LHLH schematics, the fractional
bandwidths of the first and the second operating bands are
reduced and increased, respectively, because the low–high–low
stepped-impedance sections are utilized. The LHLH rat-race
coupler prototype provides the desired performances with an
area reduction of 91%, in comparison with its conventional
540° counterpart.

By using the high–low–high sections, the bandwidth of the
first band of the HLHL rat-race coupler is wider than that
of its uniform-impedance counterpart. However, no suitable
bandwidth is measured around 1.8 GHz. And it is noted that

(c)

(b)

(a)

Fig. 15. Measured and simulated S-parameters of the HLHL dual-band rat-
race coupler prototype are shown. (a) In-phase magnitudes. (b) Out-of-phase
magnitudes. (c) Phase imbalance.

the transmission zeros of S21, S41, S23, and S43 are all located
near 1.8 GHz, which results in a significant increase of the
corresponding insertion losses. The performance of the HLHL
rat-race coupler around 1.8 GHz is also very sensitive to the
fabrication tolerance. Therefore, the HLHL schematic is not
suitable for this set of design specifications.

D. Validation for Different Design Specifications

As shown in Fig. 16, another two stepped-impedance rat-
race coupler prototypes are developed under two different sets
of design specifications, which are given by the following.

Case 2: f1 = 0.9 GHz, f2 = 1.35 GHz, Rp1 = 1.41 (3 dB),
and Rp2 = 2.0 (6 dB).

Case 3: f1 = 0.9 GHz, f2 = 2.25 GHz, Rp1 = 0.71
(–3 dB), and Rp2 = 1.41 (3 dB).

Their synthesized critical geometric parameters are given
in Table III. The information of the LHLH prototype in
Fig. 10(d) is also listed as Case 1 for comparison. It is
found that different stepped-impedance schematics, such as
LHLH, HLLH, and LHHL cases, are preferred for different
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(a)                                                        (b) 

Fig. 16. Photos of the fabricated dual-band rat-race coupler prototypes of
(a) Case 2 and (b) Case 3. The unit of dimensions is mm.

(a)

(b)

(c)

Fig. 17. Measured and simulated S-parameters of the HLLH dual-band rat-
race coupler prototype for the design specification of Case 2. (a) In-phase
magnitudes. (b) Out-of-phase magnitudes. (c) Phase imbalance.

sets of design specifications. A circumference reduction of
65%–70% can always be achieved by using our proposed
dual-band design method, in comparison with the conventional
540° counterpart. Further, the circumferences of stepped-
impedance prototypes are 21%–36% smaller than those of the
uniform-impedance ones.

The simulated and measured S-parameters are plotted in
Figs. 17 and 18. The measured results of concern in Table IV

TABLE III

COMPARISON OF THE SYNTHESIZED PARAMETERS BETWEEN THE

DUAL-BAND RAT-RACE COUPLERS WITH ARBITRARY POWER

DIVISIONS UNDER DIFFERENT DESIGN SPECIFICATIONS

Case 1 Case 2 Case 3

Y −1
1A 30.0 210 30.0

θ1A 55.8 16.5 53.0

Y −1
1B 210 30.0 210

θ1B 6.07 23.4 4.25

Y −1
2A 30.0 30.0 210

θ2A 7.29 35.3 4.75

Y −1
2B 210 210 30.0

θ2B 10.5 18.5 19.8

φ 159 187 164

a1 0.65 0.64 0.79

a2 0.30 0.35 0.30

The design specifications of Case 1 is given by f1 = 0.9 GHz, f2 = 1.8 GHz,
Rp1 = 1 (0 dB), and Rp2 = 2.0 (6 dB).

(c)

(a)

(b)

Fig. 18. Measured and simulated S-parameters of the LHHL dual-band rat-
race coupler prototype for the design specification of Case 3. (a) In-phase
magnitudes. (b) Out-of-phase magnitudes. (c) Phase imbalance.

show that these prototypes can provide good performances
to satisfy their design specifications, except for the relatively
large phase imbalances at the second band of Case 3, because
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TABLE IV

COMPARISON OF THE MEASURED RESULTS BETWEEN THE DUAL-BAND

RAT-RACE COUPLER PROTOTYPES WITH ARBITRARY POWER DIVISIONS

UNDER DIFFERENT DESIGN SPECIFICATIONS

@ First and
second band

Case 1 Case 2 Case 3

|S11|
in-phase

–22.4
–30.0

–25.6
–21.9

–63.9
–27.1

|S21|
in-phase

–3.7
–1.8

–2.5
–1.8

–5.6
–2.9

|S41|
in-phase

–4.1
–7.9

–6.0
–8.2

–2.6
–6.2

|S33|
out-of-phase

–23.1
–36.5

–22.8
–22.6

–15.1
–17.7

|S23|
out-of-phase

–3.9
–7.3

–5.7
–7.9

–3.1
–5.6

|S43|
out-of-phase

–3.9
–1.8

–2.6
–1.7

–5.6
–2.9

|S31|
isolation

–44.4
–46.6

–51.0
–53.0

–23.8
–20.8

|S21/S41|
in-phase

0.4
6.1

3.5
6.4

–3.0
3.3

|S43/S23|
out-of-phase

0.0
5.5

3.1
6.2

–2.5
2.7

� S21 − � S41
in-phase

3.6
–1.8

2.7
–3.0

5.0
–11.0

� S23 − � S43
out-of-phase

178.5
181.1

180.2
181.3

178.5
170.8

Fractional
bandwidth

9.2%
6.1%

20%
9.0%

16%
/

The design specifications of Case 1 is given by f1 = 0.9 GHz, f2 = 1.8 GHz,
Rp1 = 1 (0 dB), and Rp2 = 2.0 (6 dB).

of the nonideal influence of the phase inverter, especially
on the high-frequency operating band. By further optimizing
the geometric parameters of the DSPSL phase inverter to
shorten the equivalent length of additional transmission line
and using more reliable processes for plated through holes, a
high operating frequency will also be achieved. We would like
to say that the flexible applications of our proposed method
have been verified for the design of miniaturized dual-band
rat-race coupler with arbitrary power divisions.

Evidently, our designed dual-band rat-race couplers with
arbitrary power divisions are more compact than those pro-
posed in [20] and [21], because the design of the arms
here are no more started from the conventional 90° and
270° sections and a phase inverter is introduced to replace
a 180° section. In addition, all the operating bands of our
developed coupler prototypes are the first-order ones (each
operating band only have one reflection zero), while those
in [20] and [21] are the second-order ones (each operating
band may have two reflection zeros). However, the fractional
bandwidths of our coupler prototypes are still comparable to
those in [20], because of the successful utilization of phase
inverter.

VII. CONCLUSION

In this paper, a new type of miniaturized dual-band rat-
race coupler with arbitrary power divisions was proposed and
studied in detail. Some generalized equations were derived
for the synthesis of dual-band rat-race coupler with a phase
inverter. Its arms were no longer limited to simulate 90°
sections and the stepped-impedance technique was applied to
them. The relationships between the geometries and design
specifications were characterized. By using the maximum
allowable impedance ratio for all four arms, our proposed
rat-race couplers will have the most compact configuration.
The circumferences of the dual-band coupler with arbitrary
power divisions were significantly reduced by 65%–70%, in
comparison with the conventional 540° counterpart. Several
DSPSL prototypes have been developed to validate our design
method, with good performances demonstrated numerically
and experimentally.
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